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Massive brute-force compute campaigns relying on demanding ab initio calculations are com-
monly used to search for novel materials in chemical compound space, the virtual and vast set
of all stable combinations of elements and structural configurations which form matter. Here we
demonstrate that chirality in 4 dimensions, an ‘alchemical’ reflection plane in nuclear charge space,
defines sub-structures which effectively reduce the formal dimensionality of that space, and enable
us to break down its combinatorial scaling. According to perturbation theory, distinct ‘alchemi-
cal’ enantiomers must share the exact same electronic energy up to third order — independent of
their respective covalent bond topology, imposing relevant constraints and inequalities on chemical
bonding. Alchemical chirality enables the ‘on-the-fly’ establishment and exploitation of new trends
throughout compound space, as demonstrated by accurate predictions of chemical bond energies,
by perturbed electron density analysis of BN doped benzene, and by ranking stability estimates
for exhaustive BN doping in over 2,000 naphtalene and over 400 million picene derivatives on the
proverbial back-on-the-envelope.
I. INTRODUCTION
The computationally demanding virtual simulation of
molecules and materials, performed to predict their phys-
ical, materials and chemical properties, has become a
routine tool in the molecular and materials sciences. Cur-
rent efforts geared towards computational materials and
molecular design might enable one day the realization
of the holy grail of automatized experimental design and
discovery. Driven by the accelerating progress of compute
hardware and statistical learning (artificial intelligence),
first seminal examples of integrating sophisticated soft-
ware and robotics to perform experimental sequences and
to establish rules and trends among properties and ma-
terials, as well as their synthesis, in realiter have recently
been introduced [2–5]. However, achieving the lofty goal
of ‘materials on demand’ in general, even just in silico,
has still remained elusive.
The use of empirical trends to guide experimental de-
sign has had a long tradition in the chemical sciences, in-
cluding Mendeleev’s discovery of the periodic table, Ham-
met’s relationship, Pettifor’s numbering scheme, Bell-
Evans-Polanyi principle, Hammond’s postulate, or Paul-
ing’s covalent bond postulate [6]. Modern systematic at-
tempts to establish and exploit such rules in terms of
quantitative structure-property relationships have led to
computationally advanced bio-, chem-, and materials-
informatics methodologies [7]. Unfortunately, these
methods are typically inherently limited to certain appli-
cability domains, and do not scale due to their empirical
nature [8]. To rigorously explore the high-dimensional
chemical compound space (CCS) [9], i.e. the combina-
torially scaling number of all conceivable molecules or
materials (usually defined by composition, constitution,
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and conformation), the quantum mechanics of electrons
ought to be invoked.
Not surprisingly, the use of ab initio approaches for
materials design has been at the forefront for more than
20 years by now [10–14], and has played a major role
in popularizing the use of efficient and accurate quan-
tum methods, such as density functional theory [15–19].
Sampling CCS from scratch, even when done within ef-
ficient optimization algorithms, is a rather encyclopedi-
cal endeavour in nature, and ignores the many underly-
ing correlations among different properties and materi-
als. Quantum machine learning models [20] statistically
exploit these correlations, hidden in the data, and have
been shown to thereby accelerate CCS exploration cam-
paigns [21]. Machine learning efficiency and transferabil-
ity demonstrably benefits greatly from explicitly enforc-
ing known relationships (e.g. translational, rotational, or
atom index invariances) directly in the model construc-
tion, rather than having to learn them agnostically from
data [22]. Specific examples include explicitly imposing
forces and curvatures in the loss function [23, 24], spatial
symmetry relations [25, 26], or arbitrary differential re-
lations [27]. But even for the most efficient and transfer-
able machine learning models, such as the AMON based
approach [28], considerable up-front investments are nec-
essary to acquire the training data in sufficient quantity
and quality.
In this paper, we introduce the notion of a new symme-
try relation in CCS which is consistent with the ab initio
view of matter [29], and which effectively enables us to
solve the inverse materials design problem in a highly effi-
cient and non-empirical manner. Spatial symmetry con-
siderations have been crucial for the unravelling of some
of the most fundamental laws of nature and are heavily
used in many fields. In quantum chemistry, for example,
symmetry based group theory arguments are routinely
used as powerful tool to reduce computational complex-
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2FIG. 1. Enantioselective catalysis enables the synthesis of either conventional enantiomer, related to its counterpart through
spatial reflection symmetry (A). Alchemical (not spatial) chirality at four sites in a diamond cubic lattice relates BN doped
alchemical enantiomers (B) and (C) through alchemical reflection (Boron, Nitrogen, and Carbon in red, blue, and gray, respec-
tively). Predicted (Ep) versus true (Et) single bond dissociation energies according to the 2-body rule for adjacent elements
QRS using published DFT results for main-group elements in the 2nd and 3rd row of the periodic table from Ref. [1] and
assuming all bond-distance to correspond to 2 Bohr. Predictions of bonding energies between QR and RS elements are denoted
as LHS and RHS, respectively. Successive recursive application of the rule throughout either period is denoted by ’rec’.
ity and load. Symmetry constraints on compositional
degrees of freedom would also be desirable in order to es-
tablish general rules and to improve our understanding of
chemical compound space [29]. Here, we propose to use a
reflection plane in the nuclear charge space of the exter-
nal potential in the electronic Schro¨dinger equation defin-
ing ‘alchemical’ chirality. An illustration of conventional
spatial and alchemical chirality is given in Fig. 1 for a
tetra-valent carbon atom with four different substitutions
and for doubly BN doped carbon in the diamond crys-
tal structure, respectively. Exchange of the dopant atom
sequence from NBBN → BNNB is tantamount to an al-
chemical reflection of corresponding nuclear charge differ-
ences around the perfectly symmetric nuclear charge ref-
erence plane σ˜a spanned by the carbon atoms in pristine
diamond. Note how no other spatial symmetry opera-
tion (rotation, translation, reflection) can yield the same
result, thereby suggesting the necessity of introducing a
4-dimensional alchemical chirality.
II. BONDS
It is important to realize that while the external po-
tential difference to the reference reflection plane are ex-
act mirror images of each other for the two alchemical
enantiomers, their respective solutions to the electronic
Schro¨dinger equation are not necessarily equal. More
specifically, for reflections around atoms with identical
chemical environments (such as carbon atoms in diamond
in Fig. 1B), we show that the electronic energy of cor-
responding alchemical enantiomers must be degenerate
up to third order within alchemical perturbation density
functional theory [30] (See Theory section below). As
such, alchemical enantiomers are only approximately de-
generate in their electronic energy.
Approximating the electronic energies of alchemical
enantiomers by each other, several novel rules for chem-
ical binding can be derived. In particular, by enumerat-
ing all colored connected graphs that are sub-graphs of
hexagonal lattices we obtain the following 2-body inter-
atomic bonding rule for the electronic energy
EQR ≈ ESR + (EQQ − ESS)/2 (1)
where QRS correspond to three adjacent elements in the
periodic table. While seemingly reminiscent of Paul-
ing’s electronegativity based bond energy estimate [6],
EQS = (EQQ+ESS)/2+∆χ, we stress the difference that
our relation is obtained from pure symmetry and pertur-
bation theory based considerations, and is exact up to
third order within APDFT for alchemical enantiomers.
Pauling, by contrast, merely postulated his Ansatz. Fur-
thermore, our rule relies on bonding information involv-
ing three distinct and adjacent chemical elements rather
than just two, and, maybe more importantly, it pertains
to the electronic potential energy only, i.e. without the
nuclear repulsion which is trivial to add a posteriori.
The reader can easily verify our rule for the example of
3FIG. 2. Flowchart to determine whether an alchemical chi-
rality inducing nuclear charge reflection plane exists for any
given reference compound.
BC and CN bonds in the tetrahydrodiazadiborine exam-
ple given in Fig. 4 by simply comparing the sum of all
bond energies in either alchemical enantiomer resulting
in EBC ≈ ENC + (EBB − ENN)/2).
Subtracting nuclear repulsion estimates from published
DFT data for all single bonds between main-group ele-
ments from the second and third period saturated by
hydrogen [1], we have estimated electronic bond energies
of elements QR according to our rule, i.e. solely given
the bonding information of elements SR, QQ, and SS for
adjacent elements QRS in the same period. Predicting
the bonding of element R towards Q or S (left or right
in the period) yields remarkably accurate predictions for
both periods with a mean absolute error of ∼10 kJ/mol
for actual versus true bond dissociation energies, as also
shown by the scatter plot in Fig. 1. A linear fit through
all the diverse chemistries encountered yields a slope of
1.04, an off-set of ∼7 kJ/mol, and a correlation coefficient
of 0.981.
Furthermore, successive daisy-chaining across any
given period represents a straightforward extension which
dramatically reduces the number of reference bonds re-
quired for the predictions—but only at the cost of re-
duced accuracy: The MAE increases to ∼22 kJ/mol,
i.e. still better or on par with common generalized gra-
dient based approximations to the exchange correlation
potential in DFT [31].
We found three more rules when also including second
nearest neighbors (∆Z = ±1,±2) with PQRST corre-
sponding to five adjacent elements in the periodic table:
EPR ≈ ETR+(EPP−ETT)/2, EPQ+EQT+2ESR ≈ EPS+
EST+2EQR, and 2EPR+EQT+EST ≈ EPQ+EPS+2ETR.
We also note that other graph lattices could yield addi-
tional rules, and that rules for interatomic 3- and n-body
contributions to binding exist as well. For example, in-
voking ∆Z = ±1 only, one finds the 3-body rule that
ESQS + 2ERSQ + ERQR ≈ EQSQ + 2ERQS + ERSR.
To integrate alchemical chirality within the symmetry
point-group flow-charts common to molecular or crystal-
lographic studies, a flowchart is presented in Fig. 2. A
necessary condition for alchemical enantiomers to occur
is the absence of linearity, i.e. a C∞v symmetry element.
Furthermore, alchemical enantiomers exist only if pairs
of distinct atoms can be mapped onto each other under
a symmetry operation, a consequence of the reflection in
nuclear charge space that defines alchemical enantiomers.
If a compound has no spatial symmetry, atom sites with
similar electron density derivatives ∂nρ constitute these
pairs exactly as strictly symmetry-equivalent atoms do.
At least two such pairs need to exist in a compound to ob-
tain alchemical enantiomers which are different chemical
objects. For a single pair of symmetry-equivalent atoms,
the alchemical reflection in nuclear charge space would
trivially connect two spatially symmetric compounds.
III. RANKING
To demonstrate the usefulness of alchemical chiral-
ity for overcoming inverse materials design problems, we
show-case in the following applications of alchemical chi-
rality to well defined regions in CCS which solve three
specific and increasingly challenging design tasks. All
three use-cases address the combinatorial design prob-
lem of how to dope planar hexagonal lattices of increas-
ing extent (6, 10, and 22 carbon atoms, respectively), as
they are archetypical for graphene-inspired materials de-
sign problems related to nano-technological devices [32],
catalytic surface design [33–35], or hexagonal 2D materi-
als in general [36]. As aptly discussed by Ramakrishnan
and co-workers [37], already for the 77 smallest benzoid-
like structures, the number of possible unique BN-doped
derivatives exceeds 7 tera. As such, we believe that it
is warranted, and without loss of generality, that we fo-
cus on constitutional isomers first and only, and thereby
assume that property trends are negligibly affected by
the neglect of geometrical distortions due to doping. It
should be noted on the hand, however, that relative off-
sets in total energies due to differences in stoichiometry
are straightforward to estimate, and typically occur on
different orders of magnitude. On the other hand, the
subsequent inclusion of configurational degrees of free-
dom within alchemical predictions is not impossible, as
already demonstrated for small molecules [38, 39] and
ionic, metallic, and semi-conducting solids [40–42]. As
such, the focus of the applications in this work lies on
breaking down the combinatorially scaling problem of
coloring chemical bond connectivity graphs.
A. BN doped benzene
As a first use-case we provide an in-depth but intu-
itive illustration of alchemical chirality with benzene,
its six equivalent carbon atoms as the mirroring reflec-
tion plane, and the alchemical enantiomers correspond-
4FIG. 3. Alchemical symmetry plane σ˜a in the space defined
by the nuclear charges Z of two atoms I, J together with the
alchemical enantiomers (filled symbols) following that sym-
metry (A). Inset: BN-doped reference molecule (open cir-
cle) with sites I, J highlighted. Alchemical reflection plane
σ˜a for the six carbon nuclei (Z = 6) in benzene connect-
ing 1,4,2,3-tetrahydrodiazadiborine (THDADB) to 1,2,3,6-
THDADB compared to the spatial reflection plane σs (B).
ing to carborazine (C2H6B2N2, tetrahydrodiazadiborine
(THDADB)). Since second order APDFT – resulting in
alchemical normal modes to define a complete basis in
certain sub-spaces of CCS – has already been applied
to benzene [43], the occurrence of 6 degenerate esti-
mates among the 11 constitutional isomers of tetrahydro-
diazadiborine (C2H6B2N2) can now be readily explained
thanks to alchemical chirality: They represent three pairs
of alchemical enantiomers. For the select enantiomer pair
BNNBCC/NBBNCC, a molecular analogue to the crys-
talline example given for diamond in Fig. 1 is given in
Fig. 3B, contrasting the conventional spatial reflection
plane σs with the alchemical reflection plane σ˜a.
While BNNBCC and NBBNCC are mutually achiral in
the sense of conventional spatial 3D chirality, their chiral-
ity relation becomes obvious in the alchemical sense, with
regular benzene representing the reflection plane. Note
that the reference compound forming the reflection plane
does not need to be of integer nuclear charge, but can be a
virtual midpoint as illustrated in Fig. 3A, since the foun-
dation of alchemical chirality, Schro¨dinger’s equation, is
valid for non-integer nuclear charges. This yields e.g.
-NBBN- and -BNNB- in an infinite chain as alchemical
enantiomers.
In Fig. 4, the corresponding perturbing potentials for
either isomer are shown, as well as the resulting elec-
tron density derivatives of benzene up to 4th order. Cor-
responding figures for all other BN doped benzene mu-
tants are provided in the SI. As it becomes obvious by
visual inspection, the perturbed densities are near iden-
tical for even orders, and alchemically mirrored for odd
orders. This indicates that the perturbational series ex-
trapolates to an approximately equal amount, leading to
near-degenerate electronic energies of the two alchemical
enantiomers. In order to quantify this effect, the corre-
sponding APDFT based electronic energy estimates have
been included up to 5th order (within perturbation the-
ory the order of the energy precedes the one of the wave-
function), demonstrating that the degeneracy is exact in
2nd order, and starts to deviate by ∼0.01, 0.02, and 0.025
Ha for 3rd, 4th, and 5th order, respectively. The 5th
order predictions deviate from the actual electronic en-
ergies by ∼0.03 and 0.02 Ha, respectively. Addition of
the nuclear repulsion terms typically lifts the approxi-
mate degeneracy, resulting in the inequality for total en-
ergies that EBNNBCC > ENBBNCC due to the larger nu-
clear repulsion experienced when atoms with larger nu-
clear charges (nitrogens in this case) are closer in proxim-
ity to each other than atoms with lower nuclear charges
(boron).
Such accuracy, while not on par with explicitly cor-
related quantum chemistry calculations in large basis
sets, is on a similar scale as generalized gradient ap-
proximated DFT or semi-empirical quantum chemistry
methods — typically sufficiently accurate for successful
computational materials design studies as demonstrated
for the many examples of successful computational dis-
covery of heterogeneous catalysts [44], or the materials
project data-set [45]. We have studied the following two
use-cases in order to explore this question in a more sys-
tematic and comprehensive fashion.
B. BN-doped naphtalene
The BN doping of naphthalene affords 2,285 unique
derivatives for which we have used alchemical chirality to
establish energetic ranks. Having identified all alchemi-
cal enantiomers through exhaustive scanning within one
stoichiometry (stoichiometries as a whole can be ranked
with existing relations[46]), we have ranked all possi-
ble molecules by building groups of molecules that are
approximately degenerate in electronic energy. These
groups form the connected components of a graph where
5FIG. 4. Alchemical enantiomers in carborazine (C2H6B2N2, tetrahydrodiazadiborine (THDADB)) with electron densities
mirrored by benzene (C6H6). Left-hand column: Benzene’s perturbing potential ∆V . Remaining columns, electron density
derivatives ρ, ∂n−1λ ρ from order zero (density of benzene) up to 4th order at CCSD/def2-TZVP level. Next to each electron
density derivative, the corresponding electronic energy estimate by APDFT is given in Hartree for order 1 up to 5. The actual
electronic energies are -438.413 Ha (top) and -438.401 Ha (bottom).
all molecules are nodes and only alchemical enantiomers
are connected, thus exploiting the transitivity of the elec-
tronic energy degeneracy. Within these groups, solely the
nuclear-nuclear interaction induces the ranking. Among
the groups, we rank based on the relative magnitude
of their bond energy contributions obtained from the
electronic energy degeneracy constraint imposed by their
topology.
Using CCSD/cc-pVDZ as a method of reference for
all naphthalene derivatives, we have performed an ex-
haustive validation of alchemical ranking, resulting in
a Spearman correlation coefficient of 0.9870. Alchemi-
cally estimated rank vs. CCSD rank is shown as a 2D
histogram in Fig. 5, dissecting CCS in all the various
possible stoichiometries of BN doped naphthalene. In
order to place the alchemical ranking in perspective, the
inset of Fig. 5 also shows sorted ranking errors when us-
ing PBE0 [47–49], B3LYP [50], PBE [16], xTB [51], and
bond-counting (BC) with respective Spearman correla-
tion coefficients of 0.9998, 0.9998, 0.9983, 0.9966, and
0.9562. In terms of computational cost invested to rank
all naphthalene derivatives, alchemical ranking is similar
to BC (∼ 0.1 ms), in terms of accuracy however, it clearly
outperforms it—without any need for empirical knowl-
edge or fitting! As shown in Fig. 5, alchemical ranking
reproduces the trends in bond type frequencies of quan-
tum chemistry as a function of rank. While the accuracy
of alchemical ranking is not on par with semi-empirical
quantum chemistry (xTB), the sorted ranking error dis-
tribution suggests that alchemical ranking is closer to
xTB than it is to BC. However, in contrast to alchemi-
cal ranking, xTB relies on substantial empirical data for
fitting, and consumes two orders of magnitude more com-
pute time (∼ 50 ms). While PBE, B3LYP, and PBE0 are
obviously more accurate, their computational cost is also
three orders of magnitude larger than xTB (∼ 40 s). As
such, we conclude that alchemical ranking is superior to
bond-counting, and could represent a viable alternative
to xTB if accuracy thresholds are less stringent.
C. BN doped picene
As a second usecase we have applied alchemical rank-
ing to explore and understand the CCS spanned by all
the 414 million k-fold BN doped derivatives of picene (See
Fig. 6, with k < 7 and k > 9). Dissecting its CCS first by
all stoichiometries, we can use the trends to map out ob-
vious structural features as a function of rank in order to
detect useful descriptors for structure-property relation-
ships. Roughly speaking, results Fig. 6 suggest that the
energy will typically decrease within any given stoichiom-
etry as the number of CC, BN, NN, and BB bonds in-
creases, increases, decreases, decreases, respectively. Dif-
ferences in B and N counts in any ring (a measure of
compositional homogeneity per ring), hardly affects the
energy except for the heavily BN doped stoichiometries
(11 and 10 BN pairs). The degree of clustering (as mea-
sured by root mean squared distances) varies wildly with
little correlation for BB, BN and NN, as long as only
few sites have been doped. As the degree of BN-doping
increases, the strong stabilising effect of BN bonds sub-
divides the constitutional isomers into groups of identical
BN bond count within which boron clusters are stabilis-
ing while nitrogen clusters are destabilising. Since the BB
bond effect is visible for any fixed number of BN bonds,
6FIG. 5. All 2,285 unique BN-doped naphthalene derivatives
ranked by their total energy as obtained from quantum chem-
istry calculations compared to the ranking from alchemical re-
flection symmetry. Histogram colored by number of molecules
in a given bin. Energy scales (horizontal grey bars) shown
in Hartree for each stoichiometry. Energies relative to the
most stable molecule. Two representative molecules of same
sum formula C4(BN)3 and geometry are annotated. Inset
shows the distribution of rank errors sorted in ascending or-
der for different methods: bond counting (BC), Alchemy (this
work), semi-empirical xTB-GFN2 (xTB), and the DFT meth-
ods PBE, PBE0, and B3LYP, all with density-fitted cc-pVDZ
basis set. Side panels show bond type frequencies.
we can conclude that the impact of BN bonds on stabil-
ity is larger than the one of BB bonds. Following this
concept of conditional order, and with the data shown
in Fig. 6 and the extended version thereof in the SI, we
can identify the following stabilising design patterns in
decreasing order of strength: i) add BN pairs, ii) maxi-
mize CC bonds, iii) substitute sites shared between rings,
iv) maximize BN bonds, v) avoid N substitutions on rings
sharing a larger amount of bonds with other rings, and vi)
balance BN substitutions in each ring. Note how alchem-
ical ranking gives access to a complete ranking without a
single quantum chemistry calculation. While the individ-
ual rank might not be completely accurate, as shown in
Fig. 5, the emerging trends yield design rules as a direct
consequence of alchemical chirality.
A common problem in materials design consists of
identify global optima. In Fig. 6, we show the least and
most stable BN doped derivatives for each stoichiome-
try, as identified by the alchemical ranking. As more
and more carbon sites are BN-doped, the sites interact
more strongly and patterns emerge that are in line with
the aforementioned summary observations, e.g. the ener-
getically unfavourable nature of nitrogen clusters. Even
if high accuracy is needed, a sufficiently accurate rank-
ing such as the one from alchemical chirality can dra-
matically reduce the list of candidate compounds to be
treated with quantum chemistry methods in real-world
applications.
IV. CONCLUSION
We have noted the existence of ‘alchemical’ chirality, a
4-dimensional chirality in the nuclear charge space which
is spanned by external potentials in the electronic Hamil-
tonian. While the symmetry is exact for the Hamiltoni-
ans of the corresponding enantiomers, their variational
electronic energies are degenerate only up to third or-
der. However, the range within which that approxima-
tion holds is so large that it is relevant for significant
portions of CCS. This is similar, in concept, to parity vi-
olation [52] that yields slight energy differences between
spatial enantiomers, even though this effect is orders of
magnitude smaller. From a practical point of view, both
experiments and simulations have a resolution limit re-
sulting from method uncertainty beyond which molecules
or crystals are indistinguishable. Alchemical chirality of-
fers a new way to find those symmetrically related enan-
tiomers with practically identical energies from which
only one needs to be considered in terms of measure-
ments or calculations.
In terms of specific results, we have enumerated some
of the bonding rules which can be derived from the al-
chemical chirality constraint, and which can be used to
estimate single bond energies as well as angular contribu-
tions among elements in close vicinity in nuclear charge
space. Numerical evidence for single bonds of 2nd and
3rd row main-group elements even suggests that DFT
level of accuracy can be reached with such rules. CCSD
based quantum chemistry calculations for tetrahydrodi-
azadiborine (and all other possible BN doped benzene
derivatives) have been presented. The results suggest
near-degenerate electronic energies for alchemical enan-
tiomers, deviating by roughly an order of magnitude
less than covalent bonding. Correspondingly, alchemi-
cal chirality has been found to be useful to rank also
more complex systems, as discussed for the two use-
cases of BN doping in naphthalene and in picene. Using
CCSD/cc-pVDZ as a reference, the comparison to bond-
counting, semi-empirical DFT, generalized gradient ap-
proximated DFT, and hybrid DFT results for the over
2,000 naphthalene derivatives indicates that the alchem-
ical chirality based ranking outperforms bond counting
and approaches semi-empirical DFT in terms of fidelity—
at negligible computational cost. For the BN doping
of picene, alchemical ranking of the over 400 M unique
derivatives has enabled the establishment of structural
trends in CCS, as well as the identification of the least
and most stable derivatives for each stoichiometry. We
stress that for all the alchemical chirality derived results
7FIG. 6. Trends among 414 million BN-doped picene (top) molecules ranked by their total energy based on alchemical chirality
considerations. Each row shows a geometric property for each stoichiometry as a function of the rank and averaged over 200
bins. Those molecules that are the most or least stable for each stoichiometry are listed separately.
presented, not a single quantum chemistry calculation
was necessary.
Overall, our arguments and numerical results indicate
that sufficient evidence has been gathered to establish
the concept of alchemical chirality as a novel and fun-
damental symmetry relation in CCS. Its powerful use in
dissecting and ranking the CCS of constitutional isomers
holds great promise to further the overall goal of virtual
computational materials discovery. Future work will deal
with current limitations, such as the necessity to per-
form alchemical changes only in close vicinity in nuclear
charge space, or to rely on scaffold lattices with fixed nu-
clear positions, or with studying the impact of alchemical
chirality rules on machine learning models.
V. THEORY
Previous work tackling chemical compound space from
first principles through variable (‘alchemical’) nuclear
charges included 4-dimensional density functional the-
ory [53], the use of thermodynamic integration [54],
trends among vertical energies [55], entire potential en-
ergy surfaces [56], nuclear grand-canonical ensembles [57,
58], linear combinations of atomic potentials [59], and
APDFT [30]. General rules, rooted in the quantum me-
chanical framework of chemistry, however, are still lack-
ing. Here, we describe ‘alchemical’ chirality, defined
by compositional reflection in the nuclear charge mirror
plane of some reference system. Such a reflection defines
alchemical enantiomers as distinct constitutional isomers
with electronic energies being identical up to third order.
Alchemical chirality relates distinct molecules and mate-
rials in ways which, to the best of our knowledge, have
8not yet been discussed before.
Calculating the total potential energy of any com-
pound U , most commonly obtained within the Born-
Oppenheimer approximation and neglecting relativistic
effects, represents the probably most crucial step in any
atomistic simulation study. It consists of two contribu-
tions, the nuclear repulsion which can be evaluated triv-
ially, and the more involved electronic energy E which,
within the picture of density functional theory, sums up
the electrons’ kinetic contributions as well as their in-
teractions with each other and with the nuclear charges.
As such, E is key, and typically represents the principal
goal of most modern electronic structure theory devel-
opments, including improved DFT approximations. But
also text-book discussions, such as the virial theorem in
physical chemistry, deal with the discussion of the chem-
ical bond in terms of the electronic energy.
The difference in electronic energy E between the
iso-electronic reflection molecule with electron den-
sity ρr and some “adjacent” alchemical enantiomer i,
∆E = E[ρi(r)] − E[ρr(r)], can be obtained through
thermodynamic integration over the coupling constant
0 ≤ λi ≤ 1 which linearly interpolates the nu-
clear charges between reflection molecule and alchemical
enantiomer. According to Hellmann-Feynman, ∆E =∫ +∞
−∞ dr∆vri(r)
∫ 1
0
dλi ρ(r, λi) with ∆vri(r) as difference
in external potential between reflection molecule and al-
chemical enantiomer.
Approximating this difference by a Taylor series expan-
sion (≈ ∑∞n=1 1n! ∫ +∞−∞ dr∆vri(r) ∂n−1ρ(r)∂λn−1i ∣∣∣λ=0) and sub-
tracting the energy of the other alchemical enantiomer j
(i.e., ∆vri = −∆vrj), results in
∆Esymij ≈
∑
n
1
n!
∫
dr∆vri(∂
n−1
λi
ρ+ ∂n−1λj ρ) (2)
which is exactly zero up third order, and zero in general
if and only if for higher orders, ∂nλiρ = −∂nλjρ.
In other words: if a molecule contains disjoint pairs
of atoms of the same elements which share nearly the
same chemical environments, it is the chiral center of
alchemical enantiomers. These enantiomers differ from
the chiral center in only their nuclear charges such that
the net nuclear charge difference of each atom pair is zero.
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